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Abstract. Let L and H be finite-dimensional restricted Lie algebras 
over a perfect field F such that u(L) = u(H), where u(L) is the restricted 
enveloping algebra of L. We prove that if L is p-nilpotent and abelian, 
then L = H. We deduce that if L is abelian and F is algebraically closed, 
then L = H. We use these results to prove the main result of this paper 
stating that if L is p-nilpotent, then L/L' p + j 3 (L) = H/H' p + 73(H). 



1. Introduction 

Let L be a restricted Lie algebra with the restricted enveloping algebra 
u(L). We shall say that a particular invariant of L is determined by u(L), if 
every restricted Lie algebra H also possesses this invariant whenever u(L) 
and u(H) are isomorphic as associative algebras. In particular, the restricted 
isomorphism problem asks whether the isomorphism type of L is determined 
by u(L). This problem is motivated by the classical isomorphism problem 
for group rings: is every finite group G determined by its integral group ring 
IjGI The survey article contains most of the development in this area. 
In the late 1980's, Roggenkamp and Scott [8] and Weiss [9] independently 
settled down the group ring problem for finite nilpotent groups. 

There are close analogies between restricted Lie algebras and finite p- 
groups. In particular, the restricted isomorphism problem is the Lie ana- 
logue of the modular isomorphism problem that asks: given finite p-groups G 
and H with the property that F p G = F p H can we deduce that G = HI Here, 
¥ p denotes the field of p elements. There has been intensive investigation on 
the modular isomorphism problem, however the main problem is rather far 
from being completely answered. Unfortunately not every technique from 
finite p-groups can be used for restricted Lie algebras. For example it is 
known that the class sums form a basis of the center of FG. It then follows 
that the center of G is determined, see Theorem 6.6 in [12]. Whether or not 
the center of L is determined by u(L) remains an interesting open question. 

In analogy with finite p-groups we consider the class J- p of restricted 
Lie algebras that are finite-dimensional and p-nilpotent. Let L € T v . It 
follows from the Engel's Theorem that L is nilpotent. We shall examine 
the nilpotence class of L in Corollary 12.21 Note that whether or not the 
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nilpotence class of G is determined by ¥ p G has been considered in the recent 
years, however no major result is reported up-to-date, see [2]. 

We start the investigation on the restricted isomorphism problem by first 
considering the abelian case. In Proposition 12.51 we prove that if L € T v is 
an abelian restricted Lie algebra over a perfect field F, then the isomorphism 
type of L is determined by u(L). Furthermore, if F is algebraically closed 
then every abelian restricted Lie algebra is determined by its enveloping 
algebra, see Corollary 12.81 

It is not clear what is the next step beyond the abelian case in both 
the modular isomorphism problem and the restricted isomorphism problem. 
Nevertheless, we have proved in [13] that if L € T p is a metacyclic restricted 
Lie algebra over a perfect field then the isomorphism type of L is determined 
by u{L). The main result of this paper that will be proved in Section [3j is 
another contribution in this direction; a similar result for finite p-groups was 
proved by Sandling [10]. Let us recall that for a Lie subalgebra IC.L, we 
denote by I p the restricted Lie subalgebra of L generated by all x p , x £ I. 
Also, 7i(£) denotes the i-th term of the lower central series of L. Our main 
result is as follows: 

Theorem. Let L £ T v be a restricted Lie algebra over a perfect field. Then 
the restricted Lie algebra L/{L lp + 73 (L)) is determined. 

2. Preliminaries 

Let L be a restricted Lie algebra with the restricted enveloping algebra 
u{L) over a field F. By the Poincare-Birkhoff-Witt (PBW) Theorem, see 
[3], we can view L as a restricted Lie subalgebra of u(L). Let uj(L) denote 
the augmentation ideal of u(L) which is the kernel of the augmentation map 
e L : u(L) — » F induced by x 1— > 0, for every x £ L. 

Let H be another restricted Lie algebra such that 92 : u{L) — > u{H) is an 
algebra isomorphism. We observe that the map r\ : L — > u(H) defined by 
rj = ip — e H (p is a restricted Lie algebra homomorphism. Hence, rj extends to 
an algebra homomorphism rj : u(L) — > u(H). In fact, rj is an isomorphism 
that preserves the augmentation ideals, that is rj(uj(L)) = u>(H), see [7] for 
the proof of similar fact for Lie algebras. So, without loss of generality, we 
assume that <p : u(L) — > u(H) is an algebra isomorphism that preserves the 
augmentation ideals. 

Recall that L is said to be nilpotent if 7„(L) = for some n; the nilpotence 
class of L, denoted by cl(L), is the minimal integer c such that 7 c+ i(L) = 0. 
We denote by L' p the restricted subalgebra of L generated by L' = 72 (L). 
The n-th dimension subalgebra of L is 

D n (L) = Lr\oo n (L)= Y, Ji( L f: 

ipi>n 



see [5]. 
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Recall that L is said to be in the class J- p if L is finite-dimensional and 
p-nilpotent. The exponent of x € L, denoted by exp(x), is the least integer 
s such that x p = 0. Whether or not L G T v is determined by the following 
lemma, see [5]. 

Lemma 2.1. Let L be a restricted Lie algebra. Then L € T v if and only if 
u){L) is nilpotent. 

Now, consider the graded restricted Lie algebra: 

gr(L) :=0A(£)/A+l(£), 

i>l 

where the Lie bracket and the p-map are induced from L. It is well-known 
that u(gr(L)) = gr(n(L)) as algebras, see [13] . So we may identify gr(L) as 
the graded restricted Lie subalgebra of gr(u(L)) generated by oj 1 (L) / 'lo 2 '(L) . 
Thus, gr(L) is determined. We can now deduce the following: 

Corollary 2.2. Let L and H be restricted Lie algebras such that u(L) = 
u{H). IfL£T p then \ cl(L) - cl(H) |< 1. 

Proof. Let c = cl(L). We note that 

7n(gr(£)) = ©7i(£)+A+l(£)/A+i(£), 

i>n 

for every n > 1. Since gr(L) is determined, it follows that 7 c+ i(gr(^T)) = 0. 
Hence, r y c+ i(H)CD c+ 2(H). So, j c+ 2(H) = ^^(H). Since H is nilpotent, 
it follows that "fc^iH) = 0. □ 

Note that D n (gx(L)) = 0^ n D^L) / D i+1 (L) . Thus, D n (L) / D n+1 (L) is 
determined, for every n > 1. We remark that methods of [1] and [7] can 
be adapted to prove that D n (L) / D2 n +i(L) and D n (L) / D n+ 2(L) are also 
determined, for every n > 1. In particular, L/D^L) is determined. We 
shall need the following analogue of Lemma 5.1 in [7]. 

Lemma 2.3. // <^ : — ► w(-ff) is an isomorphism then ip(D n (L) + 
u n+1 {L)) = D n (H) + uj n+l (H), for every positive integer n. 

Now suppose that L is an abelian restricted Lie algebra. Note that the 
conditions on the p-map reduces to 

(x + y) p = x p + y p , {ax) p = a p x p , 

for every x, y E L and a € F. Thus the p-map is a semi-linear transforma- 
tion. Let a be an automorphism of F. Consider the skew polynomial ring 
¥[t; a] which consists of polynomials f(t) G ¥[t] with multiplication given by 

afpt j = al3 a ~ l t i+j . 

It is well-known that F[t;er] is a PID. Now suppose that F is perfect and 
let o~ be the automorphism given by a(a) = a p . Note that F[t;<r] acts on L 
by x ■ t = x p . So, by the theory of finitely generated modules over a PID, 
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L decomposes as a direct sum of cyclic F[i; <r]-modules. In particular, the 
number of these summands is unique. We summarize this in the following, 
see also [3] or Section 4.3 in pQ. We denote by (x) p the subalgebra generated 
by x. 

Theorem 2.4. Let L be a finitely generated abelian restricted Lie algebra 
over a perfect field F. Then there exist a unique integer n and generators 
Xi, . . . , x n G L such that 

L = (x\)p © • • • © {x n )p. 

Proposition 2.5. Let L G T v be an abelian restricted Lie algebra over a 
perfect field F. If H is a restricted Lie algebra such that u(L) = u(H), then 
L^H. 

Proof. We argue by induction on dimpL. Let A be the subalgebra of uj(L) 
generated by all u p , where u G u(L). We observe that A = uj(L p ), as 
algebras. Thus there is an induced isomorphism: 

u(L p ) oj(H p ). 

Since L G JF p , it follows that dimpL^ < dim^L. Thus, by the induction 
hypothesis, there exists a restricted Lie algebra isomorphism <f> : LP = H p . 
We now lift eft to an isomorphism of L and H. By Theorem 12.41 there exist 
generators x\, . . . ,x n G L such that L = (xi) p © • • • © (x n ) p . Without loss of 
generality we assume 

L p = (x\)p © • • • © (x^p, 

for some m < n. Thus, x p = 0, for every i in the range m < i < n. Note that 
dimL = n + dimL p . So, as it is mentioned in Theorem 12.41 n is determined. 
Let yi, . . . , y n G H such that H = (yi) p © • • • © (y n ) P - Then 

H p = (y\) P © • • • © (y p J P . 

So, we can assume that 4>{x p ) = yf, for every 1 < i < m. We can verify that 
the map induced by xi \— > yi, for every 1 < i < n, is a restricted Lie algebra 
isomorphism between L and H. □ 

Corollary 2.6. Let L G T p be a restricted Lie algebra over a perfect field. 
Then L/L' p is determined. 

Proof. Note that [u(L), u(L)]u(L) = L' p u(L). Also, we have u(L/L' p ) = 
u(L) I L' p u(L) . Hence, u(L/L' p ) is determined. Since L/L p G it follows 
from Proposition 12.51 that L/L p is determined. □ 

It turns out that over an algebraically closed field stronger results hold. 
Before we state the next result we need to recall a well-known theorem, see 
[3] or Section 4.3 in pp. Let T L = (x G L \ x p = x)f and denote by Rad(L) 
the subalgebra of L spanned by all p-nilpotent elements. 

Theorem 2.7. Let L be a finite- dimensional abelian restricted Lie algebra 
over an algebraically closed field F. Then L = T L © Rad(L). 
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Corollary 2.8. Let L be a finite- dimensional abelian restricted Lie algebra 
over an algebraically closed field F. Let H be a restricted Lie algebra such 
thatu(L) ^u(H). ThenL^H. 

Proof. Note that for every k > 1, 

dimF L/D pk (L) = dim^ L / D p (L) H + dimp D pk -i (L)/D p k (L), 

is determined. So dim^D p k(L) is determined, for every k > 1. Let t be the 
least integer such that Rad(L) pt = 0. It follows that D p t(L) = T L . Hence, 
dim F Rad(L) = dim F Rad(#), by Theorem O Note that L/T L ^ Rad(L), 
as restricted Lie algebras. We claim that ip(u(T L )) = u(T H ). Suppose that 
the claim holds. Then (p(T L u(L)) = T H u{H). So, 

u(L/T L ) - u(L)/T L u(L) - u(H)/T H u(H) - u{H/T H ). 

Thus, u(Rad(L)) = u(Rad(H)). Since Rad(L), Rad(H) G F p , Proposition 
12.51 then implies that there exists an isomorphism (f> : Rad(L) — > Had(H). 
Clearly, (ft can be extended to an isomorphism of L and H by sending X{ to 
Vi- 

Now, we prove the claim. Let z\,...,z n be a basis of Rad(-ff) and 
y± , . . . , y s be a basis of T H and assume that every yi is less than every Zj . 
Let x € T L and express </?(x) in terms of PBW monomials in the yi and Zj. 
So we have, 

ip(x) =u + Y^ (*y? ■■■y a s s z\ 1 ... 4", 

where u is a linear combination of PBW monomials in the yi only and each 
term in the sum has the property that b\ + • • • + b n ^ 0. Note that for a large 
k we have ip(x) p = u p € u(T H ). But y?(x) = (p(x) p . So, E u(T H ). 

Since u(T L ) is generated by L and (p is an algebra homomorphism, it follows 
that (p(u(T L ))C.u(T H ). But u(T L ) and u(T H ) are finite-dimensional. So we 
get if(u(T L )) = u(T H ). This proves the claim and so the proof is complete. 
□ 

3. The quotient L/L' p + ^(L) 
We first record a couple of easy statements. 
Lemma 3.1. Let N be a restricted subalgebra of L. We have, 
tu(L)N + Nlo(L) = [N, L] + Nu(L) 

Lemma 3.2. For every restricted subalgebra N of L we have, 

(1) L n ([N, L] + Nlo(L)) = [N, L] + N p . 

(2) Nu(L)/u(L)N + Nlo(L) *ZN/([N,L] +N p ). 

Now write J L = u{L)L' + L'uj(L) = uj(L)L' p + L' p uj(L). Since botha;(L)L / 
and L'u)(L) are determined, it follows that Jl is determined. 

Corollary 3.3. If L € J- p then d\m.f(L / L' p -\-"f^(L)) is determined. 
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Proof. Since L' p u(L) and Jl are determined, it follows from Lemma l3.2l that 
dimF(^p/L /p +73(L)) is determined. The result then follows, since L/L' p is 
determined, by Corollary 12.61 □ 

From now on we assume that L G T v and F is perfect. By Theorem 12. 4| 
there exists e± , . . . , e n G L such that 

L/L' p = (ei + Lp p • • • © (e n + L' p ) p . 

Let X be a basis of L/L' consisting of e\ , where Ei = ei + L' p and 1 < i < n. 
We fix a set X of representatives of X. So the elements of X are linearly 
independent modulo V . 

We define the height of an element x € L, denoted by v(x), to be the 
largest integer n such that x G D n (L), if n exists and infinity otherwise. 
The weight of a PBW monomial x" 1 . . . is defined to be Xa=i a % v ^ x i)- 
We observe that z^(e^) = p 7 , for every 1 < i < n and every 1 < j < exp(ej). 
Indeed, if ef G D m (L), for some m > p 7 , then ef* = ^ fc>J CKfcef modulo 

L p . It follows then that G L p , which is a contradiction. Let Y be 

a linearly independent subset of L p such that Z = X U Y is a basis of L and 
the set {z + D v r z \ +1 \ z G Z} is a basis of gr(L). One way to construct such 
a subset Y is to take coset representatives of a basis for 

©<>iA(£) n (l; + (X) v )/D i+1 (L), 

We need the following variant of Theorem 2.1 in [5]. 

Lemma 3.4. Let L G ^p. Let Z be a homogeneous basis of gr(L) wif/t a 
/zxed set o/ representatives Z . Then the set of all PBW monomials in Z of 
weight at least k forms a basis for ui k {L), for every k>l. 

Note that Jl is linearly independent with the set of all PPW monomials 
in X. Let E denote the vector space spanned by Jl and all PBW monomials 
in X of degree at least two. The following lemma is easy to see and so we 
omit the proof. 

Lemma 3.5. The following statements hold. 

(1) uj{L) = L + E. 

(2) (L + J L ) n E = J L = E n L' p u(L). 

(3) uj{L)/J l = L + Jl/Jl © E/J L . 

Lemma 3.6. If L G T v then Ef 1 Jl is a central restricted Lie ideal of 
uo{L)/J L . 

Proof. The fact that Ej 1 Jl is a central Lie ideal of iv(L)/Jl easily follows 
from the identity [ab,c] = a[b,c] + [a, c]b which holds in any associative 
algebra. So we have to prove that E/Jl is closed under the p-map. Since 
Jl is an associative ideal of uj(L), it is enough to prove that u p G E, for every 
PBW monomial u in E. Let u = e" 1 • • • e^ n , where each cij is in the range 
< a,i < p exp £l . It is not hard to see that u p = e\ ai ■ ■ ■ e^ n modulo Jl ■ 
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Since L E JF p , each &i is p-nilpotent. If pai < p cx P( e ») ) for every 1 < i < n, 
then u p is a PBW monomial of degree at least two. Now suppose that 
V a i > p ox P( e ») ) for some i. If pen = p ex P( g i) then aj is a power of p. Since u 
has degree at least two, there exists j / i such that aj ^ 0. It now follows 
that u p E J L . If pai > p ex P( g >) then e\ a% E J L and so u p e E. □ 

Lemma 3.7. l^e have H n <p(E)CJ H . 

Proof. We suppose J#=0 and prove that i7 n </?(i£) = 0- Let v £ H (1 
<p(E)Clu 2 '(H) . Let u £ E such that y>(ti) = u. So, u E w 2 (L). We prove by 
induction that u E uj n (L), for every n. But u;(L) is nilpotent, by Lemma 
12.11 and so u = 0. Suppose now, by induction, that u E w n (L) and we prove 
that u E w n+1 (L). So, v E HC\w n (H) = D n (H). Thus, by LemmaES 
u E (D n (L) + w n+1 (L)) n £?. But 

(Z>„(L) + ^' t+1 (L)) n EQu n+1 (L). 

Indeed, let u = ^2 otiZi+w, where each z% E Z has height n and w E t<j n+1 (L). 
By Lemma [3.41 w is a linear combination of PBW monomials in Z of weight 
at least n + 1. Since u E E it follows by the PBW Theorem that aj = 0, for 
every «. So, u = w E u; ra+1 (L), as required. □ 

Lemma 3.8. We have, lo(H)/J h = H+J H /J H © ip(E)/J H . 

Proof. By Lemma 13.71 it is enough to prove that 

uj(H)/J h CH + J H /J H © ip(E)/J H . 

Note that both uj(H)/ Jh and (p(E)/Jjj are determined. Since dim$(H + 
J H / J H ) = dimg(H/ (H') p +^(H)) is determined by Corollary [331 the result 
follows from Lemma 13.51 □ 

We can now finish the proof of our main result. Note that L + Jl/ Jl = 
L/L'p + 73 (L), by Lemma [321 

Lemma 3.9. The restriction of the natural isomorphism oj(L) /Jl —* uj(H) /Jh 
to L + Jl/ Jl induces an isomorphism of L + Jl/ Jl and H + Jh/ Jh- 

Proof. We denote by <p the induced isomorphism uj(L)/Jl — > lo(H)/Jh- 
Let 05i = o?i + if2 denote the restriction of (p to L + Jl/Jl, where 

(pi : L+Jl I 'Jl — > H+Jh/Jh- It is enough to prove that csi is a restricted Lie 
algebra isomorphism. Since E/L is a central Lie ideal of lo(L)/Jl, by lemma 
13.61 (p(E)/Jff is a central Lie ideal of oj(H)/Jh- So, for every x,z E L, we 
have 

(/?([£, z] + J L ) = + Jh,<p(z) + J//] = Ypi(x),ipx(z)} + J//. 

So, (/Ji preserves the Lie brackets. Also, 

<p(x p + J L ) = v(x) p + J H = (Mx)7 + (M*)T + Jh 

Since (tf2(x)) p + Jh E (p(E)/Jn, it follows that epi preserves the p-powers. 
Furthermore, (p% is injective, by Lemma [3.51 Since L + Jl/Jl and + 
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J H /J H have the same dimension, by Corollary 13.31 it follows that ip\ is an 
isomorphism, as required. □ 
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